On Divisors of Odd Perfect Numbers By Joseph B. Muskat
A perfect number is a positive integer the sum of whose divisors is equal to twice the number itself. Twenty-three even perfect numbers have been discovered to date [2] . No odd perfect number has yet been found, but various restrictions which an odd perfect number must satisfy have been established. For a summary, see [7] .
For a perfect number n, a(n) = 2n, where cr(n) denotes the sum of the divisors of n. Let n = n//*, where the /, are distinct primes. Since a is a multiplicative function [8, p . 88],
(1) 2n = 211//' = *(») = II *(//').
(2) Any divisor of the right side of (1) must divide 2n
is an immediate consequence of (1). For example if 9, but not 27, divides n, then <r(32) = 13 divides n.
Euler deduced from ( 1 ) that n must be of the form Using these and other results, Kanold showed that there are no odd perfect numbers less than IO20 [3] . This superseded a bound of IO18, obtained by the author [8, p. 359b] with the help of the following: (4) Any odd perfect number must be divisible by a prime power greater than IO8.
Ore studied numbers whose harmonic means are integers, and showed that perfect numbers have this property [9] . W. H. Mills demonstrated that any odd number with an integral harmonic mean must have a prime power factor greater than IO7. This bound in Mills' (unpublished) calculation arose from the limited range of D. N. Lehmer's factor table [6] which Mills utilized. The author (as a part of his undergraduate thesis which was supervised by Professor Ore) extended Mills' result in the special case of odd perfect numbers with the aid of tables of Kraitchik [4, pp. 89, 91, 152-159] to obtain (4).
More recently, the help of digital computers was enlisted to prove the following: Theorem. Any odd perfect number must be divisible by a prime power greater than IO12.
Outline of Proof. Assume that every prime power factor of n is less than IO12. Steuerwald showed that at least one of the 6< in equation (3) must be greater than 1 [10] . The corresponding g,, therefore, must be less than 1000.
It was found that for each/*, where/ is a prime < 1000 and/6 < IO12, eventually at least one of the following three contradictions develop by (repeated, if necessary) reference to (2) : 
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(a) The integer n has a prime factor F = 3 (mod 4), F > IO6. F has an even exponent by (3) . But then F2 > IO12.
(b) A sequence of prime divisors develops that includes primes G, H = 1 (mod 4), where G is assigned an odd exponent and H > IO6. By (3), H must have an even exponent, and H > 10 .
.(c) A prime factor < 1000 (or 1093, which is specially included for convenience) that has been eliminated previously is encountered.
The proof was divided into twenty-four phases. A prime factor / < 1000 (or 1093) is eliminated during phase P + 1 if the previously eliminated primes upon which its exclusion depends include at least one prime in phase P. In order to shorten the proof, exclusions which depended upon previously eliminated primes were sought.
The 168 possible primes are eliminated successively in the order indicated in Table 1 .
For reasons of space, only the first two phases of the proof are included here as Table 2 . (The author will supply a copy of the complete proof upon request.) A copy has been placed in the UMT file of this journal. Table 2   127 127 ( The three criteria for exclusion, (a), (b), and (c), are marked by placing the symbols / -/, /+/, and / /, respectively, after the prime. For primes m 1 (mod 4), the only odd exponent which had to be considered was 1, as o-(p) divides a(p2m+1). The prime with the odd exponent is preceded by the letter P.
With this result, Kanold's lower bound of IO20 for an odd perfect number can be raised. To produce a specific number as a bound, however, it is necessary to assemble various other restrictions upon odd perfect numbers. This is not being undertaken here, as M. Garcia has obtained (but not published) a yet higher bound.
The University of Pittsburgh's IBM 7070 and IBM 7090 digital computers were used to obtain prime factorizations and to check the accuracy and completeness of the proof. The author wishes to express his appreciation to the University of Pittsburgh's Computation and Data Processing Center for granting access to these computers. This facility is supported in part under National Science Foundation Grants G11309 and GP2310.
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